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Introduction

The theory of economic prediction has recently been complicated by the discovery that
if current predictions of future events are based on current market variables, statistically cor-
rect prediction can be inconsistent with market equilibrium, éven in otherwise well-behaved
economies. As far as I am aware, this problem was first mentioned by Radner!) and the first

2) and Kreps.3) For example, suppose that the future

examples were constructed by Green
variable to be predicted is systematically related to a current exogeneous variable which is
not observed directly. Suppose that the exogenous variable can take two possible values, a
and b; and that predictions are to be based on a currently determined equilibrium price.
If the price differs between the states a and b, agents will have different expectations in the
two states. However, it may happen that the equilibrium prices for the two excess demand
functions are the same, so that no distinction between the states can be observed. Then
expectations must be the same in both states. But then the excess demand functions will not
be the same as those mentioned above, and the equilibrium prices for the new excess demand
functions may differ between the two states, making the distinction observable. Thus there
is no equilibrium with prediction.

In response to this difficulty it is natural to suppose that predictions are based on past
rather than currect market data. Hellwig and Rothschild® have presented a securities market
model in which, under the assumption of constant absolute risk-aversion, equilibrium exists
when expectations are conditioned on previous prices. Since an agent’s current demand must
be sensitive to current prices, it may seem artificial to suppose that his current expectations
are not. However, if agents rely on published predictions, for example, some lag in the
formation of expectations is inevitable. In the macro-economic rational expectations litera-
ture, it is conventional to suppose that current expectations are not directly influenced by
current endogenous variables (e.g. R. Shiller’ paper)®

Unfortunately, constraining current expectations to be insensitive to current market
variables can easily worsen the existence problem. This paper develops a very simple three-
period model in which agents who are not exogenously informed of the state rely on previous
market data. Thus, in period 1 they have no information, and in period 2 their expectations
about period 3 are based on data generated as some function of first period market variables.
The main result is that, under the assumption that these data functions are continuous, the
only data functions which admit the general existence of equilibrium are constant functions.
Stating the conclusion somewhat differently, the general existence of an equilibrium with
prediction, which will be called an expectations equilibrium, cannot be assured for any
nontrivial previous market data. This result may be contrasted with the results in J. Jordan’
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paper® and R. Radner paperl) which indicate that if current expectations are conditioned
on current market data, there do exist some nonconstant data functions which admit the
general existence of expectations equilibrium.

Method : — Developments of the Basic Model —

This section describes a model of a three-period exchange economy. In period 1, each
agent receives an endowment of a current consumption good and a durable good, called
money, which is not consumed until period 3. In period 2, each agent receives an endowment
of current consumption but no additional endowment of money. No endowment is received
in the final period. In each of the first two periods, current consumption is exchanged for
money, and in the final period, each agent consumes the money he hold after trading in
period 2. Utility is additively separable over time, so the final period utility of money can
be interpreted as an indirect utility. The model can be viewed as a two period slice of an
ongoing monetary exchange economy, since the final period utility of money is introduced
only in order to model trading behavior in periods 1 and 2. Nonmonetary interpretations are
also possible.

There are two possible states of the world, and each state determines a three-period se-
quence of characteristics for each agent. More specifically, the state may influence each
agent’s consumption endowments and final period utility function. For simplicity, each
agent’s endowment of money and utility of current consumption in periods 1 and 2 will be
assumed to be state-independent.

DEFINITIONS: There are three periods, indexed by the subscript ¢, t=1, 2, 3,;
and N agents, indexed by the superscript i. In each of the first two periods there are markets
for two commodities, a current consumption good, ¢,, and money, m,. In the final period,
each agent consumes his holding of money.

For each i, t, let C! denote the consumption set of agent 7 and period ¢, with C! = int R, ;
and for each i let M’ denote the space of money holdings for agent i, with M = R,. Since
the i*" agent’s consumption in period 3 is equal to his holding of money at the end of period
2, elements of C§ will sometimes be denoted m}.

The prefences of the i’ agent are determined in part by a three period utility function
which is additive over time. The utility of consumption in periods 1 and 2 is state-inde-
pendent but the utility of consumption in the final period depends on the state. There
are two states, indexed by the subscript s, s =a, b. For each i, ¢, let U{ denote the set of
utility functions ! on C! to R such that

(a) ujis C* andforeach c¢!€C!, Dul(cf)>0 and D*ul(c})<0, and
(b) lim Dui(cl)=oo.
ci—=0

In period 1, the i*” agent receives an endowment of money and consumption, in period 2
he receives an endowment of consumption only, and in period 3 he receives no endowment.
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Endowments of consumption are state-dependent, while the endowment of money is state-
independent. For each 7, let £¥ = (C})? « M* * (C1)? = Ul % Ul + (U})?, with generic element
el =(cl,, &b,y mt; el ek, ul, ub; uly, uly), where the first five coordinates represent
endowments. For each i, the i"" agent is characterized in part as an element of £°.

REMARKS: The endowments (¢.,, ') are realized before trade in period 1, so if
ci # ¢k, the i"™ agent can infer the state directly from his endowment. If ci=cl, 1
will assume that the i*" agent has no exogenous source of information, so his first period
trades must be chosen in ignorance of the state. If ¢., = ¢}, and &, # ¢, the agent would
become exogenously informed at the beginning of period 2. For simplicity, I will ignore this
case by assuming that for each i, if ¢, = ¢}, then ¢\, = ¢.,. Thus, with respect to exogenous
information, each agent is either informed or uniformed in both of the first two periods.
These assumptions are introduced formally in the difinitions below.

INITIAL INFORMATION: For each i, let I = {0, 1}, with generic element ni. If
n{ =1, the i*" agent is said to be initially informed; and if ni <1, then the i*" agent is
said to be initially uniformed. Let F= {[I; (n}, e'), ..., (nY, V)] €(0, 1) * I1,(1} * E):
for each i, m'>0; ni=0 only if ¢}, =¢}, and &, =¢l,; and ni =1 only if ¢, # ¢}
with generic element e. The set E is the set of environments, and the first coordinate, m,
of an environment represents the probability of state a.

Examination : — On Expectations Equilibrium —

However expectations are formed, an equilibrium will somehow associate prices, Py, and
Pg,, of current consumption in terms of money in periods 1 and 2 respectively, with each
state 5. As in R. Radner’s study?) each agent will be assumed to know the joint distribution
of states and prices. Then if i =1, the i*" agent knows in period 1 the price he will face in
period 2 and his final period utility function. Such an agent will thus choose his demands
in periods 1 and 2 in each state as though he were participating in a three commodity static
exchange environment, with the endowment (¢!, ¢.,, ") and the utility function u} (ci)+
ub(cl,) +uly(ml), subject to the additional constraint: m’ —pg (ci, —¢)=0. These
remarks are made precise in the below-mentioned item—THE BEHAVIOUR OF INITIALLY
INFORMED AGENTS—.

An initially uninformed agent does not know in period 1 whether he will face the price
Paz OF Py, in period 2. Thus if ni =0, agent i is faced with a stochastic dynamic program-
ming problem in period 1. In period 2, the i*” agent’s demand will depend on whether he has
become informed by data generated in period 1. The behavior of an initially uninformed
agent is derived in the below-mentioned item—THE BEHAVIOUR OF INITIALLY UNIN-

FORMED AGENTS—, where the variable 7} is introduced to represent second period infor-
mation.

THE BEHAVIOR OF INITIALLY INFORMED AGENTS: Foreacht=1,2, let P,=
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int R, denote the space of prices for the consumption good in terms of money in period ¢.
For each s, each (py, Pg,) € Py * P,, for each i and each (ni, e’) €11 x E* with n{ = 1, the
i™ agent choose (c, ml; ci,, mi))ECL*M * Ch+ C, to maximize ul(cl)+ ui(cl,) +
ug;(my;) subject to py chy + mjy <pg &5, +m' and Pszcsiz +mgy <pg,y G5, + mg;. The con-
straints can be written equivalently as pg,cl + pg,cl, + mi, <pg i +pg,cl, + m' and
! —pgy (e — 24y) = 0.

THE BEHAVIOR OF INITIALLY UNINFORMED AGENTS: Foreachi,let I} = {0, 1},
with generic element ni, and let E% = {(m}, n4, ei) EN+L+E : ni=0, 551 = Ef,l, and
¢l,=e¢l,}, with generic element (ni e')=(ni; &, m’ &i; ul, ul; ul,, ul,), suppressing
redundant coordinates. For each s, each (Dg;; Pga» Ppy) € Py * (P,)?, each m € (0, 1), each i,
and each (n}, e’) € E% with ni = 1, the i** agent choose (ci,, ml,) € C} * M’ to maximize

u{ (051) + W[max{”é(céz) ‘+ u£3 (mézl) [ ParCar t méz =Das C% + msi1 11
+ (1 — m)[max {u3(cpy) + ups(Mpy) - PpaChy + My =<Pp,Cr+mg}] ;

and choose (cg,, mg,) € Cy * C3 to maximize us(cs,) + ug;(m;,) subject to py,ci, + mi, =
Ps2Cs+ myg. If 05 =0, (c§;, my,) is chosen to maximize

“11.(0;.1) + m[max {ué(cf;z) + Mgy (Mgy) + (1 — ) up3(Myy) : PagCar + My
SPpCit Mgy =pgcy+mgl] _
+ (1 —m)[max {us(cp,) + mugs(mp,) + (L — 1) ups(Miy) - PpyChy + My,

=pp,c3+ mg}l]

subject to pg cg + mg =pg ¢y +mi;  and (cg,, my,) is chosen to maximize uj(c!,) +
i (i i (] ' i i =i i
Mgy (Msy) + (1 — ) ups(mg,) subject to pg, ¢, + Mg, < pg, &5 + my; .

REMARKS: Using the demands derived in the two above-mentioned items—THE
BEHAVIOUR OF INITIALLY INFORMED AGENTS and THE BEHAVIOUR OF INITIAL-
LY UNINFORMED AGENTS—, a two-period equilibrium can be defined in each state, for
each environment e €F and each second period information structure (n%, ..., nd'). This
definition is given in the following item—EQUILIBRIUM—. To define an expectations
equilibrium it only remains to relate the second period information structure to the market
data generated in period 1. Of course, if ni =1, the i”* agent’s demand, as derived in the
above-mentioned item—THE BEHAVIOUR OF INITIALLY INFORMED AGENTS—, is
independent of né.

EQUILIBRIUM: let I,= I}, with generic element n,. For each (e, M) €EE =1, and
each s, an element

(D15 (C.il» msil)?/:p Ps2, (0;.2, méz)qu] EP, * Hi(C{ * Mi) * Py H,-(Cé * Cé)

is said to be an equilibrium for (e, n,) in state s if
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Zich = ZiCh, ZTicy = ZiC4, Zimy = Timg, = Eim{,
and for each i, (c,, m,; cl,, ml,) is chosen according to the two above-mentioned items—
- THE BEHAVIOUR OF INITIALLY INFORMED AGENTS and THE BEHAVIOUR OF IN-

ITIALLY UNINFORMED AGENTS—. Equilibrium can.of course be equivalently defined in
terms of net trades. Foreachiandeachtr=1, 2, let Yf =R,and foreacht=1,2, let

Y=y =f ) EIY]: Zyf=0}.
Using the budget constraint in each period, and equilibrium
[Ps1» (chr, m;:l)?il’ Ps2> (Céz’ msl:2)ﬁl
for (e, m,) in state s can be identified with an element (pgy, Vg1, Pgar Vs2) EP1 *# Y % Py % Y,

with y%, = ¢!, — i, for each i and each t = 1, 2.
For each (e, n,) E * I,, the existence of equilibrium in each state is easily established.

DATA STRUCTURE: For each i, let F' denote the set of functions % on P, * Y, and
let F=11;F i, with generic element f. For each i, elements of F i are called data functions,
and element of F are called data structures. For each i, a data function f7 is said to be con-
tinuous if f? is a continuous function on P, x Y, to a Hausdorff space. A data structure f
is continuous if ¥ is continuous for each i.

EXPECTATIONS EQUILIBRIUM: An expectations equilibrium for an environment
e € F and a data structure fis an element

(M25 Pays Yar» Pazs Yazs P Vo1 Poas Vo2) ELa % (P * Yy % Py % Y,)?

such that

a) foreachs, (g, Y51, Ps2r Vs2) is an equilibrium for (e, n,) in state s; and
b)  foreachi,ni=11if and only if f (D1, Ya1) L ®p1r Vir)-

A data structure f is said to be admissible if for each e €E, there exists an expectations
equilibrium for (e, f); and fis said to be trivial if for each i, f* is a constant function.

REMARKS: The following theorem, which is the main result of this paper, states that
the only admissible continuous data structures are the trivial ones. In THEOREM 3.5 in J.
Jordan’s mimeograth) admissibility is characterized without the continuity hypothesis in
a model in which current expectations are based on current data. It seems likely that the
continuity hypothesis can be dropped from the present theorem also, but I have not proved
this.

THEOREM: A continuous data structure is admissible if and only if it is trivial.
(Proof): Sufficiency is immediate, and necessity follows from the below-mentioned item—
PROPOSITION-—in the section 4.
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REMARKS: The nonexistence of expectations equilibrium for nontrivial data structures
can be motivated in the following way. Given an environment e and a data structure f, choose
Pa1s Yar) and (pyy, ¥py) in Py # Yy, and let n, be consequently determined by f. Given n,,
and the second period distribution of money determined by initial endowments and the above
first period prices and trades, second period equilibrium prices p,, and p,, can be obtained
for e. Given my, Pgy, and py,, first period equilibria (pg,, ¥4;), and (py,, ¥5,) can be derived.
An expectations equilibrium is a fixed-point of this process. However, the presence of the
discontinuous variable 1, suggests that if f'is nontrivial, a fixed-point may fail to exist.

Concluding and Resulting Remarks :
— On the Proof of Necessity in the above-mentioned items—THEOREM —

This section is devoted to proving PROPOSITION (the below-mentioned item in this sec-
tion), which is a generalization of the necessity assertion of the Theorem. The following
Lemma states the implication of admissibility which will be used in the proof. The Lemma is
an immediate consequence of the definition of EXPECTATIONS EQUILIBRIUM (the above-
mentioned item in the section).

LEMMA: let e €E with n° =0 and ni =1 for all j # i, let n, €I, with ni=1,and let
n, €1, with n; =0. Suppose that (e, 1,) has unique equilibria (4, Ya1> Paz» Yaz) a0d (Ppy,
Vb1, Ppas V) in states a and b respectively, with (p,;, Y41) = (Pp1» Vpy)- If fis an admissible
data structure then (e,, 1) has equilibria (py,, Vo1, Puz» Yuz) a0d (Phy, Yb1» Pha» Viy) in states
a and b respectively with f*(pg1, ¥21) = F (Dp1s Yp1)-

PROPOSITION: Let m' >0 for each i, let E,, = {¢ EE : m' = m' for each i}, and let
@y *Y ) =P,y )P %Y, :m' —p,yi=0 for each i}. Suppose that fis a data structure
such that (e, ) has an expectations equilibrium for each e € E,,. Then for each i, if f* is
continuous then f' is constant on (P, * Y )m-
(Proof): Since (m'), is arbitrary and E is symmetric with respect to agents, it suffices to
prove the assertion for i = 1, so suppose that /! is continuous. LetL = {e €E,, : n} =0 and
ni =1 for each i >1; and for each i, there exist positive numbers o, o, oz,§3, and a,’;3 such
that ui(+)=ailn(+), ub(*)=ailn(*), ujz(*)=aizln(+), and ujy(+) = apy 1n(+)}.
For each e € L and each n, € I,, the uniqueness of equilibria for (e, n,) in each state can be
established as follows. Let the price of money in each period and each state be positive and
equal across periods and states but not necessarily equal to unity, and let the prices pg;,s = 1,
2,t=1, 2 vary as above. Then (e, n,) determines an aggregate demand for the commodities
Cg» =1, 2, t=1, 2, 3 as a function on int R3 which exhibits gross substitutalibity in the

finite increment versions) 9)

and indecomposability. Uniqueness then follows by a well
known result.m) If e€ L, since ni =1 for each i>1, only the value of n} influences the
equilibria of (e, n,). Accordingly, notation will be saved by replacing both n, and 13 by the
0,1 — value variable n. Variables which will be associated with values of n will be preceeded

by a superscript.
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Let (p,, y,) €int (P, * Y}),,,, that is, m’ —plyf > 0 for each i. For each i, choose positive
numbers (¢%,, €3y, Chy, Chys o, ok, ol aby), with &l, = &) | ¢ = 1,2, such that
(D: the three-commodity static exchange environment with the endowment (¢!, ¢.,, m’)
and utility function v"; for each i, where vi(ci, ¢k, cH=allncl+ ailnci+alln ¢! for
each (c}, ¢4, c}) €int R2, has a unique equilibrium (Pars "Yors 'Pazs Waz) With (1pgay, 'ygy) =
@1, 1)

(: the three-commodity static exchange environment with the endowment (¢, ¢!,, m*)
and utility function v,iJ for each i, where v};(c{, cl eD=allnci+adincl+ aliln ¢t for
each (ci, ¢}, ¢}) int R3, has a unique equilibrium (1pp,, Vp,, Paas Wea) With (Cppy, Wai) =
(71, y1); and _ . .
@): the three-commodity static exchange environment with the endowment (Cp1s Chyy M")
for each i, and utility functions v}, and v} for each i >1, has a unique equilibrium (°p,,,
Vo1, P2y *Vp2) With (°Py,, °vp,) int (Py * Y,),, and %cpy # Tey5 for each s, where %cj, =
M= Py Vb1 = Pp2 "Vbs and leg3=m’ —'pg 'y — 'pg, yi, for eachss.

For each i, let uj, u3, uys, and uy; denote the logarithmic utility functions parameterized
by af, af, o, and al’;3 respectively, and for each 0 <7 <1, let e(r) denote the economy in
L determined by the characteristics (¢Z;, Ch,, Chy, €h,; ul, ud, uls, ul,) for each i, and the
probability m. Since 'pg; = 'py, and 'yg; = 'y},, for each m, (*pgy, Ya1» 'Paz» 'Va2) and
("Py1> Vb1, 'Pras 'Vp) are unique equilibria for (e(w), 1) in states a and b respectively.
Since °c, # 'c}; for each s, a3 1n( ) can be replaced by a different ul, € U2, which differs
from ayz1n(+) only near %}, so that statements (i—iii) above remain true and, in addition,
%} # 'cky for each i s, t, where %}, = &b, + i, and ¢, = &l + 1yl for each i, 5, and
t=1,2,and %}y =m’'—p,, °y}, — opbzoyli)z and 'cfy =m’ —'p, 'yl — 'pg, 'yi, for each
i, s. For each m, let €'(m) denote the resulting economy in £, and note that u}, can be chosen
to insure the uniqueness of the equilibria ('pyy, 'Va1, 'Pazs 'a2) and (C0pys Wars Pbas Vp2)
of (¢'(m), 1) for each m. Since (*pay, 'Va1) = ("Pp1> Wp1) = (91, ¥1), the hypothesis of
LEMMA (the above-mentioned item in this section) is satisfied, so for each 7, (¢'(r), 0) must
have equilibria (°Pay, *Va1, *Pazs *Vaz) () and (°pyy, “¥or, “Pias Vo) (1) with: £ [(°Par, °Var)
M] =1 [(°Par, *ya) (M)]. However, as 7> 1, (°pay, %Var) (m) = (p1, ¥1) and (°ppy, %vpy)
(1) = (%P1, %Yp1), 50 since £1 is continuous, £1(py, 1) = £ (%ppy, ¥py). Since Och; # 'ck,
for each i, s, ¢, there is a neighborhood ¥ of (p;, y,) such that for each (p}, ;) € V, for each
i there exist utility functions.u, u%, u,',i3, and u'bi3 which differ, respectively, from ut only near
'cgy and 'c,, from ul only near lcf, and 'cl,, from ul, only near 'ci;, and from ul, only
near !cl,, so that if the new utility functions are substituted into statements (i—iii) above,
statement (iii) remains true with (°p,,, °v5,) unchanged, and statements (i) and (ii) remain
true if (p,, ;) is replaced by (p}, ¥}). In addition the new utility functions can be chosen so
that if €"(n) denotes the new economy for each 7, the equilibria for (¢"(r), 1) are unique in
each state. It follows from the above-mentioned item—LEMMA —in this section that 1!
is constant of V.

Since (p,, ¥1) was chosen arbitrarily in int (P, * Y,),, one have shown that the function
f! induces a partition of int (P, * Y1) into disjoint open subsets. Since int (P; * Y,),,
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is connected, the partition must contain only one set, so f 1 js constant on int (Py * Y1),,.
Since f! is continuous, the Proposition follows.

REMARKS: In expectations equilibrium, the first period equilibria (pys, ¥ 15) Will gener-
ally differ between the two states, so that the second period distribution of money (m' —
p1s v )X, will generally differ between states. My assumption in this paper that the initial
distribution of money, ('), , is state-independent might therefore be unnatural. Of course
if the model is generalized to allow the initial distribution of money to differ across states, the
resulting class of economies would include E so the Theorem would be inherited. However,
under this generalization, it is natural to allow data functions to depend on the initial dis-
tribution of money as well as (p,, y;). For example, if the initial distribution of money can
be influenced by economic policy, it should not be assumed to be completely unobservable.
Therefore, suppose that data functions are redefined to have the domain

I'={(p, y, M)EP, * Y, * I, (int M*) : m'—p,yi=0 for eachi}.

Then I have as an immediate corollary to the above-mentioned item—PROPOSITION—of
this section: If f? is a continuous data function in an admissable data structure then for

each m, m' € I(int M"), either

@ fi(pl: Y1, m) :fi(P'l,y'l, ’71’) forall (py, y1)€P1*Y)m
and 311 (prlr y,I) E(Pl * Yl)r?l': or

@ fY(p1, y1, M) ¢f’(p;-,y;-,n—1') forall (py, y1)€P1*Ym
and all (p}, y1) E@1* Y1)m'

Putting the conclusion somewhat differently, the observable data must be expressible as a
function of the exogenous initial distribution of money.
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