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Introductory Remarks

Given the existence of distortions in market prices which cannot, for the time being, be
corrected, the question arises whether it is possible to increase welfare by basing produc-
tion decisions in the system-processes of public secotor on some alternative set of prices.
This is the essential question of shadow pricing. Since market distortions are assumed to
exist, and are to be taken as given, shadow pricing is essentially a problem in the economics
of the second-best. The above question can be thought of as consisting, first, of whether
welfare-increasing shadow prices exist, and second, of whether it is possible to find such
prices in practice. Given the usual convexity assumptions there is little controversy over
the first question but there is substantial disagreement over the second.

The literature on shadow pricing falls largely into two categories. Writers in the first
group emphasize the informational problems of finding the correct second-best shadow
prices, although the precise nature of the informational problems involved is not usually
made explicit. A familiar proposition, however, is that when there are non-traded com-
modities the informational problems of finding the dual solution to the second-best optimal
public sector production program (shadow prices) are equivalent to the informational
problems of finding the corresponding primal solution?. Thus it is suggested that unless the
planner concerned with determining shadow prices is endowed with information on such
crucial matters as the public sector’s production possibility set, he could not possibly hope
to determine the second-best optimal set of shadow prices. These writers recommend that,
in practice, public sector production decisions be based on domestic market prices, both for
traded and non-traded commodities, even though these prices are known to be distorted?.

Writers in the second group attempt to derive rules for public sector shadow pricing
from the first-order conditions for an optimization model. Sometimes this exercise is
conducted relatively formally, some times rare casually, but the most common
recommendation to emerge is that traded commodities should be valued at their interna-
tional prices, irrespective of the existence of tariffs, and that non-traded commodities
should be valued at their “foreign exchange equivalent”®. There has been considerable
ambiguity over the precise meaning of the latter concept, but a simplistic interpretation is
that it is the rate of transformation between the non-traded commodity concerned and a
traded commodity in the private sector”. In general, writers in this category do not
consider explicitly how the economy moves from some initial non-optimal position to the
secondbest optimum described by the first-order conditions, although the shadow pricing
rules are clearly meant to facilitate the transition. Some writers have suggested that an
iterative adjustment mechanism is entailed, but its precise nature is not made explicit®.
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This has tended to obfuscate the informational and stability issues involved in such
adjustment processes.

This paper attempts to clarify some of the informational and stability problems
involved in shadow pricing in the context of the open economic system model. This model
is described in it. And in it, also a fixed distortionary tariff is introduced and necessary
conditions for a second-best optimum are derived. So, we then can interpret the meaning
of these first-order conditions as the terms of shadow prices. And this paper examines the
informational problems involved in moving from an initial non-optimal position to this
second-best optimum by means of shadow pricing.

Method

Consider an economic system with three commodities :

I. a traded, domestically produced consumption good (e. g.: wheat), whose fixed
international price is normalized at unity ;

II. atraded input, not domestically produced (e. g. : fertilizer), whose fixed international
price is normalized at unity ; and

[lI. a non-traded input (e. g.: land), whose fixed total supply is normalized at unity.

There is a single consumer whose utility function is simply U=c;, where ¢ is his
consumption of commodity I; ¢i=0. There are two producers, a private firm and a public
firm. The private firm’s production function is given by yi=f(yn, y), where y; is the firm’
s output of commodity I, yu and ym are its inputs of commodities II and III ; yi, yu, ymu=
0. The public firm’s production function is xi1=g(xu, xm), where xi, xu, xm=0 and are
defined similarly. The functions f and g are assumed to be strictly concave and twice
continuously differentiable, but not necessarily identical. Commodity I is used as numerair-
e, so both market and shadow prices of commodities II and III are expressed in terms of
commodity I. The market prices are denoted by pu and pum, and the shadow prices are
denoted by su and s

Commodity I can be exported to purchase commodity II, but such transactions must
satisfy the trade balance constraint :

1. g(xun, xm)+1f(yn, ym)—xu—yu—ci1=20.

Furthermore, total use of commodity III must not exceed the available supply.

Thus,
2. (1—xm—ym)=20.

There are three agents in the economy whose knowledge and behaviour concern us : the
private firm’s manager, the public firm’s manager and a planner. The private firm’s
manager is assumed to know the precise form of f and the market prices pu and pu
obtaining at any instant, but nothing else. He is assumed to behave so as to maximize
profits treating market prices parametrically. His problem in thus

M A X II"=f(yu, ym)—(puyn) — (puym).
Vi, Y
So, in this case, the necessary conditions are
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fu<pn, yulfu—pu)=0
and
fm§pm, Ym(fm“pm):().

Similarly, the public firm’s manager is assumed to know the precise form of g and the
shadow prices su and su given him by the planner at any instant, but nothing else. He
maximizes shadow profit, treating shadow prices parametrically. His problem is thus

M A X szg(Xu, Xm)_(SuXu)_(Sme)-

X, X
The necessary conditions are
(gn“Su)éo Xn(gu—Su):O, and
(gm—Sm)éo Xm(gnl—Sm):O.

The planner is assumed to know the domestic market prices pi and pi obtaining at any
instant, the international price of commodity II (normalized here at unity) and the magni-
tude of any tariff on commodity II. He is also capable of observing the private firm’s input
and output levels at any instant. However, unless otherwise stated, the planner is assumed
not to know any details of the functions f and g, except that they are both concave.
Furthermore, he is assumed not to know the magnitude of the constraint on the availability
of commodity III (here normalized at unity). The planner is assumed to control only the
shadow prices su and sm, which he transmits to the public project. In particular, the
planner has no control over the government and the planner must take them as given.

Finally, we consider the determination of piu. The strict concavity of f implies, ignoring
some irregular cases®, that the Hessian matrix [f;];, j=2 3 of second derivatives of f is
negative definite. This implies, by the implicit function theorem, that the first-order
conditions for the private firm generate differentiable demand functions of the form

yu:YII(le, Dm), YIn:Ym(Du, Dm).
Given xm and pn predetermined at xfu and p}i, respectively, pi: is assumed to adjust
instantaneously such that

Ylll(p?l, Dm)=1_X?u.

Verifications

* Necessary Conditions for the General Optimum Balances
Here, we can derive the necessary conditions for optimal public sector production in the
presence of a fixed market distortion and interpret their meaning in terms of shadow
prices. Consider first the “first best” optimization polemic point.
POINT 1: MAX c subject to 1 and 2.
In this case, we can form the Lagrangian
3. L*EC1+/11{g(X|I, Xxll)+f(YIl, YHI)_CI_XH“YH} +/]II(1 —Xm—Ym).
The necessary conditions for optimal private sector production then are
fi<1, y#(ffi—1)=0 and
fﬁé/if'f, yi'i:(fi'?l—/if‘{)zo,
where (%) denotes evaluation of the quantity concerned at this “first best” optimum.
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Assuming yi#i >0 the necessary conditions for optimmal public sector production become
at<1, x#i(gf—1)=0, and
gfﬁéfﬁx, Xﬁl(gm—fﬁl):().
Hence, comparing these expressions with the above conditions for profit and shadow profit
maximization, the “first-best” optimal shadow prices are
sti=pii=1 and siii=pii.
Both the shadow price and the market price of the traded input should be its international
price, while the non-traded input should be valued identically in the two sectors (sfii=pif).

We now introduce a distortion into the market for the traded input in the form of a
fixed tariff, t. where —1<t<oco. Assuming yu >0, profit maximization of the private firm
now requires
4, fu=1+t,
which violates one of the necessary conditions for a “first-best” optimum. The “second
-best” optimization polemic point now is as follows.

POINT 2: MAX c: subject to 1, 2 and 4.

So, we can form the Lagrangian
5. L**EC] +/11{g(Xn, Xln)"f‘f(y'u, Ym)—CI‘—Xn’*Yn}

+ /111(1 — X1 _Ym> + Alll{f!l - (1 + t)}
Assuming (v#*, yii¥) >0, the necessary conditions for optimal public sector production
become (assuming fffi*m+0)
gf*<1, x{f*(gf*—1)=0 and
gtF <phF— (tfF* /), xHF(piF — tfit*m) =0,
where (* * ) denotes evaluation at this “second-best” optimum.

The “second-best” optimal shadow prices are thus

6. si*=1 and
7. Si'ii*=pi'i?‘ _(tfﬁfkm/fﬁfkn), (fﬁ?km*o).
Note that the presence of a fixed tariff on the traded input implies the the shadow prices
of both inputs should differ from their domestic market prices—provided, in the case of the
non-traded input, that f{*u#0. The second-best shadow price of the traded input still is
international price, regardless of the existence of a tariff, while the second-best shadow
price of the non-traded input depends both on the tariff and the second derivatives of the
private firm’s production function. We now can consider whether this latter shadow price
can be interpreted as a “foreign exchange equivalent”.

The. net contribution of the private firm to aggregate foreign exchange earnings is
clearly yi—yn. The net effect of an extra unit of commodity III on the firm’s contribution
to foreign exchange earnings is therefore (dy:/dym)—(dyu/dym). Now, totally differentiat-
ing the private firm’s production function,

8. dYIz(fndYn)+(fdem), and

dyr _ <dyu) _ dyn
dym fu dym +f (1+t)dym+f1n.

Totally differentiating equation 4,
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9. (fu, ndyu)+(fu, mdym)=0, and hence

dy’n - fn, 111
dym fu,u”
From 4, 8 and 9, we now can have, at the second-best optimum,
dyi"* dyi'i* * fﬁ, 111

— Il ke
0. GyfF ~ v P TR

which is the same as equation 7.

Thus the shadow price of the non-traded commodity is the net effect that releasing a
unit of that commodity to the private firm has on aggregate foreign exchange earnings, at
the optimum?”. There seems little point in debating whether this is what previous authors
“really” meant by a “foreign exchange equivalent”, since that term has been used rather
ambiguously ; the point is that the above argument also demonstrates that the logical basis
for the “foreign exchange equivalent shadow pricing procedure derives from the first-order
conditions from an optimization problem. Note especially that for the optimal second-best
shadow price of the non-traded input to be viewed correctly as a “foreign exchange
equivalent”, the latter concept should not be interpreted as simply the private firm’s rate
of transformation between that input and a traded output, as a more simplistic interpreta-
tion would suggest ; this is simply pu in equation 7. Of course, the formal correspondence
between equation 7 and the concept of a “foreign exchange equivalent” says nothing about
the informational problems of detemining sii¥. We now turn to this question.

Concluding Remarks

We now suppose the economy to be producing initially at some point removed from the
second-best optimum, meaning that equations 6 and 7 are not satisfied, and consider the
planner’s informational problems in finding shadow prices that will move the economy to
this optimum. Clearly, there is no problem in the case of the traded input, since we have
assumed its international price to be known. Our attention will focus on the case of the non
-traded input.

Consider, first, the planner’s informational requirements for finding the numerical value
of si‘i?‘. in equation 7. Clearly, this value will, in general, depend on the forms of the
functions f and g. This has led some writers to suggest that, economies where not all
commodities are traded, the informational requirements of finding the set of shadow prices
associated with an optimal production program (i. e. the dual solution) are equivalent to
those of finding the physical quantites involved in that production program (i. e. the primal
solution). If this were so, there would be a logical contradiction in supposing that a planner
could determine the value of sff in a single step without full information about g, f and the
resource constraint. But this is untrue ; very partial information may be sufficient.

Suppose, for example, that the planner knows only that f is additively separable and
linear in yii. Then it has the form
11. f(yn, yn)=h(yu) +byum,
where b>0 is an unknown constant, and the functions h and g are unknown except that g
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is concave and h”<0. Then 7 reduces to 12.
12, sfif=b.

From the necessary conditions for profit maximization it is clear that whenever ym >
0, fu=b=pm, the observed market price.

Thus without any a priori knowledge of b, or of the functions g or h, the planner can
infer the optimal shadow prices immediately ; namely, s#*=1 and s#f=pm. But he is still
unable to determine the physical quantities involved in the optimal public sector production
program without knowledge of g, and this is possessed only by the public firm’s manager.

More generally, or course, f cannot be assumed to have this convenient form and the
planner’s informational requirements for determining the numerical value of sfif in a single
step will be more severe. Let us suppose these requirements to be prohibitive, for the sake
of argument, and consider the informational problems in applying the “rule” given by 7
iteratively. This is what a number of writers seem to intend. At time t=0, let the public
sector be producing nonoptimally. Let sii=1, but
13, S?llzf:pglx“(tf?l, i/, u),
where numerical superscripts denote points in time. Now let observations be made on the
right hand side of 13 and sin be set equal to this. Thus
14, S{n:D(l)u _(tf(l)l, Ill/f(I)I, 11).

Now let the market price of commodity III adjust fully to this change in public
production, and let the private firm adjust fully to this price change. Then let the planner
revise sy by again applying the “rule” given by 7, so '

15, SHI=D%I] — (tﬂ[, m/ﬂl, n),

etc.. That is, sii=1 for all t and

16, sii'=pin—(tfi, w/fi, u), t=0,1, 2,_ """

What are the planner’s informational requirements in this adjustment process?

Consider the term f};, i/fl, 1. Differentiating equation 4 with respect to pu: we have®
flI, I]%)y]—l:l——*—(fll, III)% :0
Hence,
17 fu, - Gyu/apm - _ 511, iy
: fll, 11 ayll]/aplll EIII, my'n ’
wherer &, = ?”Tag" is the price elasticity of demand for commodity II with respect to
I1 111

pui, etc..

Equation 16 now reduces to

18, sii'=plu+ &, mytn)/(Ein, myh), t=0,1,2, ===

From the observability of piu, t, vhi and yiu, it follows that if the ratio of elasticities (&h, 1)/

(&, m) were known, the above iterative process would be informationally feasible.
Alternatively, suppose that the planner knows only that f is a COBB-DOUGLAS

production function with the general form

19. f(yu, ym)=C(ayfiyfn),
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where a, @ and 3 are unknown parameters except that a, ¢, >0 and (e¢+8)<1. Nothing
is known of g except that it is concave. Differentiating twice we obtain

(fn, m/fu, n) = {YII/((G'— I)Ym)}.

Now writing

we can obtain

f _Byn _ pu
w/fu a ym pn’
fu. ur pf’u

fu. n pu(e—1)

Now using the result that ¢=(puyn)/y:;, we can have, substituting into 16,

Vi—yh

20, sh*f:p}n y}__y}l 1+0)

This expression involves only observable market variables. Hence, while the informational

problems of shadow pricing are very real, no logical contradiction is involved in supposing

term to be solvable for some classes of environments (namely where f is known to take
some specific forms), especially where shadow price is to be conducted iteratively. This
does not mean, of course, that these problems are solvable for all classes of environments ;

but it is false to claim that the informational requirements for shadow pricing are equiva-

lent to the informational requirements for determination of the physical characteristics of

the optimal public sector production program. It is a mistake to dismiss the possibility of

finding welfare-increasing shadow pricing procedures on these grounds.

1)
2)

3)

4)

5)

6)

7)

8)

Notes

The proposition is trivially false in the case where all commodities are traded.

Examples are R. S. Weckstein, “Shadow Prices and Project Evalation in Less-Developed Coun-
tries,” (Economic Development and Cultural Change XX (April 1972), 474-494,) and A. Rudra, “Use
of Shadow Prices in Project Evaluation”, (Indian Economic Review VII (S. S.) (April 1972), 1-15,).
Exaples are P. Dasgupta and J. E. Stiglitz, “Benefit-Cost Analysis and Trade Policies,” (Journal of
Political Economy LXXXII (January/February 1974, 1-33), I. M. D. Little and J. A. Mirrlees, Manual
of Industrial Project Analysis in Developing Countries (Paris : Organization for Economic Coopera-
tion and Development, 1969), and I. M. D. Little and J. A. Mirrlees, Project Appraisal and Planning
for Developing Countries (Now York : Basic Books, 1974).

For a critique of the Dasgupta-Stiglitz argument on this point, see P. G. Warr, “A Note on Shadow
Pricing with Fixed Taxes,”, (Discussion Paper no. 74-52 (December 1974), Department of Economics,
University of Minnesota.)

See, for example, P. Dasgupta, S. A. Marglin and A. K. Sen, Guidelines for Project Evalution (New
York : United Nations Industrial Development Organization, 1972, Ch. 17.)

There are irregular cases in which the derivatives fu may vanish, even though f is strictly concave,
but only at a countable number of isolated points. These points form a “negligible” subset of the
domain of f.

For a contrary claim, see R. Broadway, “Benefit-Cost Shadow Pricing in Open Economies: An
Alternative Approach”, (J. of Political Econ. LXXXIII (Apr. 1975), 419-430)

Since equation 4 must hold for all pi and, from the implicit function theorem, the demand functions
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yu=Yu(pu, pm) and yiur=Yu(pn, pm) are differentiable, this differentiation is legitimate.
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