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R
On Commutative Association Scheme with Class 2

Hirosi IWANE

Abstract. Let F be finite filed. Let p be the number of F. Let p be odd prime. We define the
assocation scheme with class 2 on F. We compute the eigenvalue, the multiplicity, and the valen-
cy of this assciation scheme. We study the asoociation scheme with class 2 that has the same

valency.

1 Introduction

EZ 1.1 (Associstion Scheme): HEEAS X& X LD d+ 1 HOME R;(i=0,1,..., d) (7%
bbb REZ X X XOBFEE) OM Q = (X, {Ri}oci<a) TRD 4 & (1)-(iv) 2HicT b0%
association scheme & BES<,

(i) Ro = {(z,2) | = € X}

(i) ROURy - URg= X x XD RN R; = 0ifi #j

(iii) & i€ {0,1,---,d} KR UTR; := {(2,9)|(y,2) € R;} EEHT W 'R, = R, for some
€ {0,1,--,d} ‘

(v) Vi,5,k € {0,1,---,d} ITH LT |{z € X|(z,2) € Ri,(2,y) € R;}| 1T (z,9) € ReD b &ET
(2,9) DEDHITE 5 (= pf;). T D p;% intersection numbers & PR

(v) P = ki T k; % R; valency & &4t

EZ 1.2: ROFHE (v) #5729 K A[# 7 association scheme & X 58X & IT&M (vi) Z#cd
b DEHFR association scheme & k3% (v)pk; = p5 for Vi, j,k, (vi)'Ri=R; for Vi
( XBR7E assocition scheme (3 AJ#R 7L association scheme IZ753.)
Ai% RICHT BABETIET B, AT Z DITEFID X DJET parameterrize XN T 375 THR
FEROLIICEEINS.

N L (=) R,
ROBEFERDE D ILD.
Ap=1 ([IZBALFTH)
A+ A+ +A4,=1J (JI3TXT 1 OF75)

tA,‘ = A,'/ (Hﬁﬁf&‘ﬂ#‘i i=1 )
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d
AiA; = prjAk ( pf;i3 intersection numbers)

Ao,Al,---,Ad'Géﬁéﬂék/Féﬁ A = (Ao, Ay,--+,Ag) % Bose-Menser algebra & B3R QVH]
BUEZEEAD R IR THHI EERMEIIKKES. AFRITH d+ 1 OFBERE TRIAM
Y <EQ,E1,' : ',Ed> H.

LI #7175 association scheme % association scheme EFEIZ EiZT 5. A 2HOEE
(Ao, Ay, -+, Ag) & (Eo,E1,-+, Eg) ZH->T0AI &I E. TOMOERITIE P,Q LB
THbbL

(AOsAl," '7Ad) = (E07E1$' "7Ed)P

(EovEla" ' 7Ed) = (A07A17' o ’Ad)Q

HERD.

HBREDOTIIEAM - THEAE N T 2-class @ Association Scheme KR TE 5. 0D
Association scheme {ZFEDHFEHICH U T DO THHEKTE S, ZORBETHOBERESLNE
TLEDEDLE#ITHI%  intersection number ZKH TEHE L /.

2 FBREDOTTENS 2-class D Association Scheme

HRGE FEBE, FOROEARpETA. I LpRTERETS. F ORERE FIEL,
FioHOEHFROEL S FI2E$5. FRBEICZVZOMEIE (p-1)/21K185.

EH 2.1

FiZ24 T Association Scheme = (F, {R;i}o<i<2) RO X D ICEET 5.

(a,b) e Ry <<= a-b=0

(a,b)€ Ry <= a-beF"

(a,b) € Ry <= a-bg¢ F¥

Q = (F,{Ri}o<i<2)®® Association scheme {2735 Z &3 FIRBIcE-oTWnWAI &L a-b =
a,a—c=f,c—-b=y EBLa=B+yD R0 DI LI LEBITTES.
FloilH@on RO END

-1€F? = p=1 (mod4)

~1¢F? < p=3 (mod4)

Q = (F,{Ri}ocic2) ¥ p =1 (mod4) %5 MFRI Association scheme I3 9, p = 3
(mod 4) 5 51E Q = (F,{Ri}o<i<2)iZIEXFRIL Association scheme IT75 5.

Assocition scheme QD HEHZ/N5 A —FZDWT
Association scheme @ = (F,{Ri}o<i<2) FIZHBRAKT JLOMY p HXH QDY A X n i3 F
DTEOE p 1213, R; D valency % k;&d5& k= (p—1)/21K185%.§8bLE n=pT
ky=ky=(p—1)/2® valency B"—E D Assocation scheme {27 > T 5%
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3 intersection numbers pfjl:’J(,\T

inter sectin number D E KT p{-‘]: { (a,b) € Ry DK (a,c) € R; ,(c,b) € R; &% c D
B} 2 H5Q O intersectin number p}y X a—-b€R, Ta—-c€Ry,c—be R &EILD c DF
BEHANEIO I &5,
0L 350>

a—b=20g¢ Fi2

a—c=0, € F2
C—b:ggeFuz.

LEEDASNB. IO
b=a-6
c=a-0
c=b+480,
90=91+02- ...... %

LEESNEED. a LODEARLTHEDTOHIREEOTNEE, 2RO ¢ BRE D (%) OBFKT
OrbEFEDTNRTOLBGEMRHRTS. 0, € FRIENOEDZ0, IKTE-TRS E6/0; = 6,/0,+1
NIZY 12,

80/02 € F*2,61/85 € F23205 ph ZRD 51213, FIN(FR24+1) 0EEERIWIT L0 &2k 3.

Lemma 1

FIBEE, [Fl=p pREABERELLE

HFPn(FP+ 1)} =k (p=4k+3)
HFPn(F2+ 1)} =k-1 (p=4k+1)

MW 22 = PP+ 1 EVWHIFBREEZ COFBRE FLTROTZOROEEE#RINE
B, 22 -p® 3 (z+y)e—y) LAETEID O s +y=a B L -y =143,
2e=a+i2y=0a-L WD o ybREE. ENDaiHLT 2?2 PRRLEERELEZ0
(a,-6, 1,2 ) DAETHS. a=0FEhAE. 0¢ FEEDOTz=0hy=0KR3BE4R
a=L1PWROUOHTa==%1,Fcid o= BRODALDOHTa® = -1 LFME Tp=4k+1
DRRIFELT2MEHS. p=4k+1ORSHEEERENTS. p=4+30REIFELLELD
Tp=4k+1 DB 3EERATSE. BALLEYO FORTIZ, 4BTF? Om1EEZRDS.

LD lemma 5 Q O intersection number i p = 4k +3 DF pl; = kTp = 4k + 1 DR
pl,=k-1iT7 3. fO intersection number b F¥ OHEAZZhITL L.

Pfl i

a—b=0, ¢ Fi2
a—c=0; € Fi2
c—b=0, e Fi2
6o = 61 + 6,.
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T 00/92 = 91/92 + 1 278D o,

60/0y ¢ F12 T0,/6, € F2 T FI2 Otk (FY bl & RBROZELAT (F)F)n (F2 + 1))
EHA DT L0,

F7i

kypog = kﬁpg'w = kapSp

O BRAEME - TRkDOSN 5.

4 p=4k+10HE

FOERET|Fl=p CpRHXEH Q OEHADHE% n, & R;D valancy % k; & H <.
n=pki=ky=(p—-1)/2 1T 5. v
p=1 (mod 4) X 5Q FXFRL Association scheme 12705, valancy RELWL I &EH o
Pl = pLASER D LD H 5 intersectoin matrix By ZRD X HITEHKT 5.

P Plo Plo
B, = P(1]1 P%l P%l
P?z Ph P§2

kr=p% =(p—1)/2-1T pl, = p}; e hico.

0 1 0
B, = ((p— /2 (p-1)/4-1 (p- 1)/4)
0 (p-1)/4 (p-1)/4
B, OEEENS AOBEEMEIZNS. AAQBEMEIIODEDOLDIINS. A BIHETIIEOTH
FEIIEHIZLY.

p-1 —1+Vp —1-VP

2’ 2 2
VoId p BEBUOTEBHICLZOTEREBFALINLS. BIIHELTEONEEDEDL
DTS

1 p—1 p-1
’ 2 2
PF7%1
1 (p-1)/2 (p—-1)/2
P=|1 (-1+m)/2 (-1-.p)/2
‘ 1 (-1-p)/2 (-1+/p)/2
Q 1751

1 (p-1)/2 (p—1)/2
Q=1{1 (=1+p)/2 (—1_\/5)/2)
1L (=1=yP)/2 (-1+/p)/2
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5 p=4k+3DHE
HETHENOT AOEFEEERERIE S5

0 1 0
B = ( 0 (r-3)/4 (p+ 1)/4)
(p-1)/2 (p-3)/4 (p-3)/4

EHERROLS IS,
(P=1)/2, (=1+ VP2, (-1-pr)/2

EHER
L (e-1/2, (p-1)/2
P 1751
1 (p-1)/2 (p-1)/2
P= (1 (=14 m)/2 (-1 —ﬁ{)/2)
1 (=1-yp)/2 (=14 /p)/2
Q 175

1 (p-1)/2 (p-1)/2
Q=11 (-1+yp)/2 (-1-yp)/2
1 (=1=ypi)/2 (-1+P)/2
6 valency IWN—E® Assocation scheme with class 2

R
2 -class ® Association scheme T valency W RTZEL { HADHMNEMD Association
scheme FEHE SR CIZY, TOHNRBEEOFRED SHKTE B Association scheme
ERUBEHE%E .

ZEBH O HERE
Association scheme ODTHSD¥ % n, —ED valency 2 k&H L. n=2k+1TnZFH_EL 3.
FEXNFRISBE (ko = k3R EITN D)
phh = X EBK. kwply = kaply , pla = P& ki = ke 05 Tl = phy = ph = A KN
DE=20+11278%. n=4)+3 &7 intersection matrix %% 3 &

01 0
B1= O A )\+1
kA A

BHEMEE k (-1+vAi)/2, (~1-Va)/2 KRB EHED 1, k, kiZHB. n=41+30

EORENKLOIE, RIUCEERME RUBEHEELLDIEXMHERY 2-class @ Association scheme 3FHE

ER-

RIS

Ph' = AEB Faply = kaph OB ply = phi B, BB LERINE k= T2 oph;T
intersection matrix 2# 3% 3.
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0 1 0
Bi= 1]k A k-A-1
0 k-A-1 A+1

EEMEIZD =22 +1-k)?2+400+1) &HL &
{k, (2A+1-k++vD)/2}
K15,
HHEEL {1, my, me} &L A Dtracek &b &
k+mi(2A+1—-k+VD)/2+my(2A+1—k—VD)/2=0

-
k(2)\ + 2 — k) + VD(mq — m3)/2

AR

bL mi=myi ol k=2242Tn=2k+1=4A+1)+1 &EHD niddk+1EBES

FEIT . BEMEIZ k(=140 + 1) +1)/2} &1 5. k(-1+/n)/2 L EBXEHES. FR

% (p =4k + 1) HS5FEN B Asoocation scheme DEFHEEBEHEII KT 5.

my # mg DEE, VDEEEHCS D EEM (20 + 1 — k+vD)/2 RRMABEI DS (20 +1 -

k+vD)/2 bVD bEBICHS. A;TOS T T5ZXBETLOHRM nk/2 E15D k (3EHITI

A0 oVD BEBICHD. D=(25+1)2 E65. D=(A+2-k)?+2%k+1 EBEUBL

2k +1 BN TERTHBEIEDS (2s+1-20-2+k)(2s+1+2X+2-k)=n &L T

284+1-22-24k = «
25+14+2 42~k = g

(,8) = (n,1) (1,n) (=n,-1) (=1,-n) TEMFERZEL E A DPNEOBRICRZIELE
FREISEIITNE S S EDSEOBELEIDAB. m # mrE I B my = my QRS
KYTHB.
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